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Abstract
In this article we prove results concerning the vanishing of Koszul cohomology groups on K3
surfaces and n-dimensional Fano varieties of index n− 2. As an application of these vanishings
we obtain results on projective normality and syzygies for K3 surfaces and Fano varieties.
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Introduction
In this article we prove results concerning the vanishing of Koszul cohomology
groups on K3 surfaces and n-dimensional Fano varieties of index n−2. As application
of these vanishings we obtain results on projective normality and higher syzygies for
K3 surfaces and Fano varieties.
The paper is organized as follows. In Section 0 we introduce the background results
which link Koszul cohomology and syzygies of algebraic varieties. The connection
between Koszul cohomology and syzygies is due to Mark Green [4].
Section 1 is devoted to showing Koszul cohomology vanishings leading to results
about projective normality and quadratic presentation for K3 surfaces. The main theo-
rems in this section dealing with cohomology vanishings are Theorems 1.4 and 1.9.
As a corollary of them we obtain Corollaries 1.7 and 1.10. Corollary 1.10 was proved
by St. Donat (cf. [11]) and Theorem 1.4 provides a dierent proof for it through the
use of Koszul cohomology.
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In Section 2 we study when a (base-point-free) line bundle satises property Np,
which means that L maps the K3 surface X onto a projectively normal, quadratically
presented variety with minimal graded resolution linear till the step p − 1. In this
sense we prove the analogues of Corollaries 1.7 and 1.10 for higher syzygies. These
are
Theorem 1 (cf. Corollary 2.2). Let X be a K3 surface and let L be a base-point-free
line bundle such that L2 4. If np+ 1; then nL satises property Np.
Theorem 2 (cf. Corollary 2.4). Let X be a K3 surface and let L be a base-point-
free line bundle such that L2 8 and the general member of jLj is non-hyperelliptic;
non-trigonal and not a plane quintic. Then nL satises property Np for all np.
The way we obtain Theorems 1 and 2 is again through the vanishing of the co-
homology of certain vector bundles on the K3 surface. These vanishing results are
Theorems 2.1 and 2.3. We prove them by induction on p, Theorems 1.4 and 1.9 being
the unavoidable starting point of the inductive process.
Finally in Section 3, we present the analogues of Corollaries 1.7, 1.10, Theorems 1
and 2 for Fano n-folds of index n−2. These are Corollaries 3.3, 3.5 and 3.7. They are
obtained as corollaries of vanishing results, Theorems 3.2, 3.4 and 3.6, respectively.
These vanishing theorems are proved using induction on the dimension, using as starting
point the vanishing theorems proved in Sections 1 and 2 for K3 surfaces. Corollaries 3.3
and 3.7 imply a result of Iskovskih (see [5, 6]) for Fano threefolds of index 1. In
particular, Corollary 3.7 generalizes this result to higher syzygies, as happens with
St. Donat's result in the case of K3 surfaces.
The stronger vanishing theorems that follow from our methods (see Remarks 2.5
and 3.8) also have plausible applications to multigraded resolutions corresponding to
embeddings associated to several line bundles.
The result presented in this article t nicely into a broader picture. In [3] the fol-
lowing meta-principle was formulated:
If L is the product of (p + 1) ample and base-point-free line bundles satisfying
\certain" cohomological and numerical conditions; then L satises the condition Np.
Corollary 1.7 and Theorem 1 t into the meta-principle and Corollary 1.10 and
Theorem 2 prove a stronger version of it, if one imposes a condition on the Cliord
index of the curves in jLj. The meta-principle is conceived for surfaces, but the results
proved in Section 3 show it also holds for Fano n-folds. Results of Sections 1 and 2
complete the picture drawn in [3] for surfaces of Kodaira dimension 0. Among other
things, in [3] the meta-principle is shown to hold for the remaining surfaces of Kodaira
dimension 0 and for surfaces of positive Kodaira dimension.
We are very pleased to thank David Eisenbud for his constant encouragement and
advice. We also thank Dale Cutkosky for helpful discussions. It was Dale Cutkosky
who pointed out to us that our results for K3 surfaces should also go through for Fano
varieties.
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0. Preliminaries
We introduce here some basics about Koszul cohomology in connection with the
study of free resolutions of projective varieties and some notation. Our general set up is
this. Let X be a variety and let L be a base-point-free line bundle on X . Then the linear
system jLj induces a morphism ’ from X to projective space. We want to study the
coordinate ring of the image of X . Concretely, we want to know when the coordinate
ring is projectively normal, when the homogeneous ideal is generated by quadrics, and
for how long the resolution of the ideal is linear. The following denition is usually
given when L is ample (in which case, projective normality implies the very ampleness
of L), but we will adapt it to possibly non-ample, base-point-free line bundles:
Denition 0.1. Let X be a projective variety and let L be a base-point-free line bundle
on X . Let I be the homogeneous ideal of the image of X by the morphism ’ induced
by jLj and let
0!Fm fm−1−!    f2−! F2 f1−! F1! I! 0 ()
be the minimal graded free resolution of I . We say that L satises property N0 if
SnH 0(L)H 0(L⊗n) for all n  0. We say that L satises property N1 if in addition I is
generated by quadratic equations. Finally, we say that L satises property Np (p>1),
if L satises property N1 and () is linear until the (p−1)th-stage (i.e., if the matrices
of f1; : : : ; fp−1 have linear entries).
To study this property we will look at the cohomology of certain vector bundles on
X . To a base-point-free line bundle L we associate the following sequence:
0 !ML!H 0(L)⊗OX ! L: (0.1)
Since L is base-point-free, the kernel ML is a vector bundle. We recall now the fol-
lowing result of Green:
Theorem 0.2. Let L be a base-point-free line bundle on a variety X . If the coho-
mology group H 1(
∧p0+1ML⊗L⊗s) vanishes for all 0p0p and all s 1; then L
satises the property Np. If in addition H 1(L⊗r)= 0; for all r 1; then the above is
a necessary and sucient condition for L to satisfy property Np.
We will obtain our results on syzygies using the previous lemma. For the proof of
it we refer to [2, Section 1]. Since we will work over an algebraically closed eld of
characteristic 0, in our proofs we will check the vanishings of H 1(M⊗p
0+1
L ⊗L⊗s) rather
than see directly the vanishings of H 1(
∧p0+1ML⊗L⊗s). We will use Theorem 0.2 and
the previous argument to draw our projective normality and syzygy results from our
vanishing theorems, without explicit reference throughout the article.
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Notation. For a subvariety Y of a variety X and a line bundle L on X we will
write LY = L⊗OY . We will generally use additive notation for tensor powers of line
bundles but keep the multiplicative notation for the tensor product of vector bundles.
For instance, instead of M⊗rL⊗r ⊗L⊗s we will write M⊗rrL ⊗ sL. We will denote by KX
the canonical bundle of a variety X and by g(C) the arithmetic genus of a curve C.
Convention. We will work over an algebraically closed eld of characteristic 0. For us
a K3 surface X will be a smooth minimal K3 surface, i.e., a smooth surface X such
that its canonical bundle KX is trivial and such that H 1(OX )= 0.
1. Normal generation and normal presentation
This section is devoted to showing the cohomology vanishing results stated in
Theorems 1.4 and 1.9. These theorems yield Corollaries 1.7 and 1.10 regarding projec-
tive normality and presentation by quadrics. The corollaries just mentioned also follow
from results by Mayer and St. Donat (see [7, 11]). In addition to giving a dierent
proof of Mayer and St. Donat's results, the main interest of Theorems 1.4 and 1.9
rests on the fact that they are the unavoidable starting point for the induction we carry
out in Section 2, which leads to our results for higher syzygies (Corollaries 2.2 and
2.4). Another application of the arguments used to prove Theorems 1.4 and 1.9 is the
fact that they produce more general cohomology vanishing results, as we point out
in Remark 2.5. These vanishings have plausible application to multigraded resolutions
of X .
Our general setting is this: L is a base-point-free line bundle on a K3 surface X
and we want to know how the coordinate ring of the image of X by the morphism
induced by jnLj behaves. In this section we will be specically concerned with seeing
when the ring is projectively normal and when is presented by quadratic equations. In
Section 2 we will study the resolution of the coordinate ring. We start now imposing
no conditions on the Cliord index of the members of jLj.
Proposition 1.1. Let X be a K3 surface and let L be a base-point-free line bundle
with L2 4. Then the multiplication map
H 0(rL)⊗H 0(sL) −! H 0((r + s)L)
is surjective for all r 2; s 1. Moreover; H 1(MrL⊗ sL)= 0; for all r 2; s 1 and
all r 1; s 2.
Before we prove Proposition 1.1 we state for convenience two easy observations
which will be used many times throughout the article:
Observation 1.2. For coherent sheaves E; F; G; the multiplication map
H 0(E⊗F)⊗H 0(G)!H 0(E⊗F ⊗G)
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surjects if the maps
H 0(E)⊗H 0(G)!H 0(E⊗G);
H 0(E⊗G)⊗H 0(F)!H 0(E⊗F ⊗G)
are surjective.
Proof. Consider the following commutative diagram of multiplication maps:
H 0(E)⊗H 0(F)⊗H 0(G) ! H 0(E⊗F)⊗H 0(G)
# #
H 0(E⊗G)⊗H 0(F) ! H 0(E⊗F ⊗G):
The left-hand side arrow and the bottom arrow are surjective by hypothesis. Thus, the
right-hand arrow is surjective as claimed.
Observation 1.3.Let Y be a variety with H 1(OY )= 0 and let Z be a subvariety of Y .
Let L=O(Z). Let F be a coherent sheaf on Y such that H 1(F ⊗L)= 0. If
H 0(F ⊗OZ)⊗H 0(L⊗OZ)!H 0(F ⊗L⊗OZ)
surjects, then
H 0(F)⊗H 0(L)!H 0(F ⊗L)
also surjects.
Proof. We construct the following commutative diagram:
H 0(F)⊗H 0(OY ) ,! H 0(F)⊗H 0(L)  H 0(F)⊗H 0(L⊗OZ)
# # #
H 0(F) ,! H 0(F ⊗L) ! H 0(F ⊗L⊗OZ):
The surjectivity of the left-hand side vertical map is obvious. The surjectivity of the
right-hand side vertical map follows by hypothesis. The exactness of the top horizontal
sequence follows from the fact that Y is regular. The claim is the surjectivity of the
middle vertical map.
Proof of Proposition 1.1 By Observation 1.2, the surjectivity of  is equivalent to the
surjectivity of
H 0(rL)⊗H 0(L)!H 0((r + 1)L)
for all r 2. Since L is base-point-free and big, by Bertini there exists a smooth curve
in jLj. Let C be such curve. Since H 1(rL)= 0 for all r 0 (this follows by Kawamata{
Viehweg vanishing theorem or from more particular arguments, as for example [11,
Proposition 2.6]), by Observation 1.3 it suces for our purposes to show that the map
H 0(rLC)⊗H 0(LC)!H 0((r + 1)LC)
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surjects. To see that we will use [1, Proposition 2.2]. We need to check that rL2>2g(C)
and that rL2>4g(C)−L2−2h1(LC). Recall that 2L2 = 4g−4 and LC =KC ; then, since
r 2, the two inequalities are true as long as L2>2.
Finally, since H 1(L)= 0, it follows from (0.1) that H 1(MrL⊗ sL)=H 1(MsL⊗ rL)
and equal to the cokernel of , which we have just proved to be zero.
Proposition 1.1 implies that the coordinate ring of the image of X by the morphism
induced by jrLj is projectively normal for all r 2. We will now study the generators
of the homogeneous ideal of the image of X .
Theorem 1.4. Let X be a K3 surface. Let L be a base-point-free line bundle such
that L2 4. Then H 1(M ⊗ 2rL ⊗ sL)= 0 for all r; s 2.
The proof of Theorem 1.4 (and analogously, the proofs of Theorems 1.9, 2.1 and
2.3) rests on reducing the question of the vanishing of H 1(M⊗2rL ⊗ sL) to the vanishing
of cohomology of certain vector bundles on a curve C. If one merely uses Observation
1.3, the problem is reduced to studying the cohomology of M⊗2rL ⊗ sL⊗OC . However,
this bundle on C is not semistable and therefore, it is not easy to deal with. Thus we
need a way to go from M⊗2rL ⊗ sL⊗OC to a semistable bundle. This is the purpose of
the following lemma, whose proof can be found in [3] (cf. Lemma 2.9).
Lemma 1.5. Let X be a projective variety; let q be a nonnegative integer and let F
be a base-point-free line bundle on X . Let Q be an eective line bundle on X and
let q be a reduced and irreducible member of jQj. Let R be a line bundle and G a
sheaf on X such that
1. H 1(F ⊗Q)= 0,
2. H 0(M⊗q
0
Fq ⊗Rq)⊗H 0(G)!H 0(M
⊗q0
Fq ⊗R⊗G⊗Oq) surjects for all 0 q0 q.
Then; for all 0 q00 q and all 0 k 0 q00,
H 0(M⊗kF ⊗M⊗q
00−k
Fq ⊗Rq)⊗H 0(G)!H 0(M⊗kF ⊗M
⊗q00−k
Fq ⊗G⊗R⊗Oq)
surjects.
As we remarked above, one of the elements we will use in the proof of Theorem 1.4
is the semistability of certain vector bundles on a smooth curve C. One of these bundles
is MKC . The semistability of MKC was rst proved by Paranjape and Ramanan (see [9]).
We give here a dierent proof by T.R. Ramadas and the second author (unpublished)
which uses a semistability criterion due to Faltings, Raynaud and Seshadri (see [12]).
Theorem 1.6. Let C be a smooth curve. Let K be the canonical bundle on C. The
vector bundle MK is semistable.
Proof. A vector bundle E on C is semistable if there exists another vector bundle
F such that H 0(E⊗F)=H 1(E⊗F)= 0 (cf. [12]). We apply this criterion to MK . If
such F exists, by Riemann{Roch 1−g(C)+(MK ⊗F)= 0. Since (MK)= −2, such
F must have slope g(C) + 1. Take as F a general line bundle L of degree g + 1.
F.J. Gallego, B.P. Purnaprajna / Journal of Pure and Applied Algebra 146 (2000) 251{265 257
Then L is base-point-free and h1(L)= 0. We claim that L satises the conditions of
the criterion. Consider sequence (0.1) associated to K , tensor it with L and take global
sections. We obtain
0!H 0(MK ⊗L)!H 0(K)⊗H 0(L) −! H 0(K + L)
! H 1(MK ⊗L)!H 0(K)⊗H 1(L):
By Riemann{Roch, h0(L)= 2 and by base-point-free pencil trick the kernel of  is
isomorphic to H 0(K ⊗L). Using again Riemann{Roch we see that H 0(K ⊗L)= 0,
hence  is injective and H 0(MK ⊗L)= 0. On the other hand, h0(K+L)= 2g, therefore
 is surjective. Since H 1(F)= 0, it follows that H 1(MK ⊗L)= 0.
Proof of Theorem 1.4 We tensor exact sequence (0.1) associated to rL by MrL⊗ sL
and take cohomology, obtaining
H 0(MrL⊗ sL)⊗H 0(rL) −! H 0(MrL⊗ (r + s)L)!H 1(M⊗2rL ⊗ sL)
!H 1(MrL⊗ sL)⊗H 0(rL):
Last term in the previous sequence is zero by Proposition 1.1. Thus, the statement in
Theorem 1.4 is equivalent to the surjectivity of  for all r; s 2. By Observation 1.2
the surjectivity of  for all r; s 2 is equivalent to the surjectivity of
H 0(MrL⊗ sL)⊗H 0(L) −! H 0(MrL⊗ (s+ 1)L) for all r; s 2:
Let C be a smooth member in jLj. Using Proposition 1.1 and Observation 1.3 it follows
that, in order to see that  surjects, it is sucient to show that
H 0(MrL⊗ sL⊗OC)⊗H 0(L⊗OC)!H 0(MrL⊗ (s+ 1)L⊗OC);
and for that, according to Lemma 1.5, it will suce to show that
H 0(MrLC ⊗ sLC)⊗H 0(LC) −! H 0(MrLC ⊗ (s+ 1)LC) and (1.1)
H 0(sLC)⊗H 0(LC) −! H 0((s+ 1)LC)
surject. The surjectivity of  has already been shown in proof of Proposition 1.1. To
see the surjectivity of  we will prove that H 1(MrLC ⊗MLC ⊗ sLC)= 0. Since r 2,
deg rLC  2g(C) as long as L2 2. Then by [1, Theorem 1.2], MrLC is semistable. On
the other hand, LC =KC , thus by [9] MLC is also semistable. Finally, by [8, Corollary
3.7], the vector bundle E=MrLC ⊗MLC ⊗ sLC is semistable, so it is enough to see that
its slope is strictly bigger than 2g(C)− 2. We will rst see that (MrLC )>− 2. Since
r 2,
(MrLC )=
−deg(rLC)
deg(rLC)− g(C) ;
since the rank of MrLC equals h
0(rLC) − 1=deg(rLC) − g(C) and deg(MrLC )=
− deg(rLC). Therefore, the desired inequality will follow if we show that
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r(2g(C) − 2)>2g(C). This holds as long as r 2 and L2 4. On the other hand,
(MLC )= − 2, hence (E)>2g(C)− 2, since s 2 and L2 4.
As corollary we obtain the following:
Corollary 1.7. Let X be a K3 surface. Let L be a base-point-free line bundle such that
L2 4. If r 2; then the image of X by the morphism induced by jrLj is projectively
normal and its homogeneous ideal is generated by forms of degree 2.
We will now impose conditions on the Cliord index of C 2 jLj to obtain stronger
vanishing results which imply stronger properties for the homogeneous coordinate ring.
We rst recall a result by Mayer and St. Donat, which, using Observation 1.2 and
the fact that H 1(L)= 0, can be restated in terms of vanishing of cohomology in the
following way.
Theorem 1.8. Let X be a K3 surface and let L be a base-point-free line bundle
such that L2 4 and such that the general curve C 2 jLj is non-hyperelliptic. Then
H 1(MpL⊗ rL)= 0 for all p; r 1. In particular; the image of X by the morphism
induced by jLj is projectively normal.
Now, we impose stronger conditions on the Cliord index in jLj to force the ideal
of the image of X to be generated by quadrics:
Theorem 1.9. Let X be a K3 surface and let L be a base-point-free line bundle
such that L2 8 and the general member C of L is a non-hyperelliptic; non-trigonal;
non-plane quintic curve. Then;
H 1(M⊗2kL ⊗ rL)= 0 for all k and r 1:
Proof. The proof has two steps. First, we reduce the problem to showing the vanishing
of H 1(M⊗2L ⊗ rL). Then we prove that, indeed, this vanishing occurs.
Step 1: Tensor the exact sequence (0.1) associated to kL by MkL⊗ rL and take global
sections. We obtain the sequence
H 0(MkL⊗ rL)⊗H 0(kL) −! H 0(MkL⊗ (k + r)L)
!H 1(M⊗2kL ⊗ rL)!H 1(MkL⊗ rL)⊗H 0(kL):
Since C is non-hyperelliptic, by Theorem 1.8, the last term in the above sequence
is zero, hence the thesis of the theorem is equivalent to the surjectivity of  for all
k; l 1. By Observation 1.2, this is equivalent to the surjectivity of
H 0(MkL⊗ rL)⊗H 0(L) −! H 0(MkL⊗ (r + 1)L) for all k; r 1:
From exact sequence (0.1) associated to L one sees that the surjectivity of  follows
from the vanishing of H 1(ML⊗MkL⊗ rL). Thus, we have just shown that in order to
F.J. Gallego, B.P. Purnaprajna / Journal of Pure and Applied Algebra 146 (2000) 251{265 259
see that H 1(M⊗2kL ⊗ rL)= 0 for all k; r 1 it suces to prove that H 1(ML⊗MkL⊗ rL)
= 0 for all k; r 1. Arguing exactly in the same fashion as before we conclude that
this last vanishing follows from the vanishing of H 1(M⊗2L ⊗ rL) for all r 1.
Step 2: We will prove now that H 1(M⊗2L ⊗ rL)= 0 for all r 1. We argue as in
proof of Theorem 1.4. Since H 1(ML⊗ rL)= 0 by Theoerm 1.8, the vanishing we want
is equivalent to the surjectivity of
H 0(ML⊗ rL)⊗H 0(L) −! H 0(ML⊗ (r + 1)L) for all r 1:
Recall that C is a smooth curve in jLj. Since H 1(ML⊗ (r − 1)L)= 0 for all r 2 by
Theorem 1.8 and for r=1 because H 1(OX )= 0, using Observation 1.3 and Lemma 1.5,
we see that it suces to check the surjectivity of
H 0(MLC ⊗ rLC)⊗H 0(LC) −! H 0(MLC ⊗ (r + 1)LC) (1.2)
and
H 0(rLC)⊗H 0(LC) −! H 0((r + 1)LC)
for all r 1. The surjectivity of  was shown in proof of Proposition 1.1 when r 2
and follows from Noether's theorem if r=1. The map  ts into the exact sequence
H 0(MLC ⊗ rLC)⊗H 0(LC) −! H 0(MLC ⊗ (r + 1)LC)
!H 1(M⊗2LC ⊗ rLC)!H 1(MLC ⊗ rLC)⊗H 0(LC):
Recall that M⊗2LC ⊗ rLC is semistable and that (MLC )= − 2. Then the slope of M⊗2LC ⊗
rLC is rL2−4. If r 2 and L2 6, rL2−4 4g(C)−8>2g(C)−2, thus H 1(M⊗2LC ⊗ rLC)
= 0 and  surjects as wished. If r=1, although H 1(M⊗2LC ⊗ rLC) 6= 0, we can deduce
the surjectivity of  from Petri's theorem (see also [10, Proposition 3]).
To end the section we recover from Theorem 1.9 a result by St. Donat. Note that
Theorem 1.9 also implies Corollary 1.7.
Corollary 1.10. Let X be a K3 surface and let L be a base-point-free line bundle
such that L2 8 and the general member C of jLj is a non-hyperelliptic; non-trigonal;
non-plane quintic curve. Then the ideal of the image of X by the morphism induced
by jLj is generated by quadrics.
2. Higher syzygies
This section is devoted to the study of the resolution of the image of X by jnLj
for a base-point-free line bundle L. Specically, we want to know when the resolution
satises the property Np. As already announced, we will use the vanishing results
proved in Section 1 to start the induction process on p. Thus, we will prove two main
vanishing results, Theorems 2.1 and 2.3, which will yield corollaries about syzygies
(Corollaries 2.2 and 2.4).
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Theorem 2.1. Let X be a K3 surface and let L be a base-point-free line bundle such
that L2 4. Then H 1(M⊗p+1rL ⊗ sL)= 0 for all r 2; sp+ 1.
Proof. We prove the result by induction on p. The result is true for p=0; 1 by
Proposition 1.1 and Theorem 1.4. Now, we prove the result for p>1. From (0.1) we
built the following exact sequence:
H 0(M⊗prL ⊗ sL)⊗ H 0(rL) −! H 0(M⊗prL ⊗ (r + s)L)
!H 1(M⊗p+1rL ⊗ sL)!H 1(M⊗prL ⊗ sL)⊗H 0(rL):
By induction hypothesis the last term of the above sequence vanishes. Thus it suces
to see that  is surjective. For that it is enough, by Observation 1.2, to check that the
map
H 0(M⊗prL ⊗ sL)⊗H 0(L)
−! H 0(M⊗prL ⊗ (s+ 1)L)
surjects for all r 2; sp + 1. Let C be a smooth curve in jLj. Since H 1(M⊗prL ⊗
(s−1)L)= 0 by induction, as in proof of Theorem 1.4 and in the proof of Theorem 1.9
it is enough to see that the map
H 0(M⊗prL ⊗ sL⊗OC)⊗H 0(L⊗OC)
−! H 0(M⊗prL ⊗ (s+ 1)L⊗OC)
surjects. Then by Lemma 1.5 it is enough to show that
H 0(M⊗p
0
rLC ⊗ sLC)⊗H 0(LC)
−! H 0(M⊗p0rLC ⊗ (s+ 1)LC)
surjects for all 0p0  p. For p0=0; 1 the surjectivity of  has been already shown
in Proposition 1.1 and Theorem 1.4. To see the surjectivity of  when p>1 we
will show that H 1(MLC ⊗M⊗p
0
rLC ⊗ sLC) vanishes. Recall that LC =KC and let g be
the genus of C. Then, since MLC ⊗M⊗p
0
rLC ⊗ sLC is semistable by [1], Theorem 1.10,
(r 2 and L2 2 imply deg rLC  2g), [8], Corollary 3.7 and [9], it will suce to
see that (ML⊗OC ⊗M⊗p
0
rLC ⊗ sLC)>2g − 2. Set d=deg rLC . Since d 2g, (MrLC )=
− d=(d − g) − 2. Thus, (MLC ⊗M⊗p
0
rLC ⊗ sLC) − 2 − 2p0 + sL2. Therefore, it is
enough to check that p0(2g−2)−2p0−2>0. This last inequality holds for L2 4 and
p0>1.
A straightforward corollary of the previous theorem is the following
Corollary 2.2. Let X be a K3 surface and let L be a base-point-free line bundle such
that L2 4. If np+ 1; then nL satises property Np.
The following theorem is the analogue of Theorem 1.9 for higher syzygies and yields
as corollary an analogue of Corollary 1.10:
F.J. Gallego, B.P. Purnaprajna / Journal of Pure and Applied Algebra 146 (2000) 251{265 261
Theorem 2.3. Let X be a K3 surface and L a base-point-free line bundle such that
L2 8 and the general member of jLj is non-hyperelliptic; non-trigonal and not a
plane quintic. Then H 1(M⊗p+1rL ⊗ sL)= 0 for all r 1; sp.
Proof. We prove the theorem by induction on p. The result is true for p=0; 1 by
Theorems 1.8 and 1.9. For p>1 we argue exactly as in the proof of Theorem 2.1
using Lemma 1.5. Then it nally suces to see that
H 0(M⊗p
0
rLC ⊗ sLC)⊗H 0(LC)
−! H 0(M⊗p0rLC ⊗ (s+ 1)LC)
surjects for all 0p0p. If p0=0 the surjectivity of  was shown in proof of
Proposition 1.1. If p0=1 the surjectivity of  was shown in proof of Theorem 1.4
(see (1.1)) and in the proof of Theorem 1.9 (see (1.2)). To see the surjectivity of 
when p0 2, it suces to prove that H 1(MLC ⊗M⊗prLC ⊗ sLC)= 0. Recall that the bun-
dle MLC ⊗M⊗prLC ⊗ sLC is semistable and has slope −2 − 2p + sL2. Since sp, it is
enough to see that (p − 1)L2 − 2 − 2p>0. This inequality holds because L2 8 and
p 2.
Corollary 2.4. Let X be a K3 surface and let L be a base-point-free line bundle such
that L2 8 and the general member of jLj is non-hyperelliptic; non-trigonal and not
a plane quintic. Then rL satises property Np for all rp.
Remark 2.5. Finally, we remark that the arguments used in this and the previous
section yield more general vanishing results which have applications to multigraded
resolutions. If L satises the hypothesis of Theorem 2.1, then the cohomology group
H 1(Mi1L⊗Mi2L⊗    ⊗MirL⊗ kL)= 0 for all is 2;
where s=1; : : : ; r; r=p+ 1 and k p+ 1:
If we further assume that the general member C of jLj is non-hyperelliptic, then
the previous vanishing holds also if all is=1. Finally, if L satises the hypothesis of
Theorem 2.3, then the group
H 1(Mi1L⊗Mi2L⊗    ⊗MirL⊗ kL)= 0 for r=p+ 1
and for all is 1 where t=1; : : : ; r and k p:
3. Fano varieties of index n− 2
Recall that a smooth n dimensional variety X is a Fano variety of index k>0 if k
is the largest positive integer such that KX = kL, for some L ample line bundle on X .
If one allows k to be equal to 0 in the denition, one could regard a K3 surface as
a Fano variety of dimension 2 and index 0. This suggests that the results proved in
Sections 1 and 2 could be extended to Fano varieties of index n− 2. The purpose of
this section is to show that this is indeed the case.
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To state our results in slightly greater generality, we will enlarge the classical de-
nition of Fano variety, letting L be base-point-free and big line bundle. We remark that
by Kawamata{Viehweg, H 1(OX )= 0, hence we will be able to use Observation 1.3.
Proposition 3.1. Let X be a Fano n-fold of index n−2 and let KX =(n−2)L; with L
base-point-free line bundle such that Ln 4. Then H 1(MrL⊗ sL)= 0, for all r 2; s 1
and all r 1; s 2 and H 1(M⊗2rL ⊗ sL)= 0 for all r; s 2.
Proof. Recall that H 1(OX )= 0. Then since L is base-point-free and big, there exist
n − 2 general members Y1; : : : ; Yn−2 in jLj cutting out a smooth surface S. We prove
the result by induction on the dimension. The variety Y1 is, by adjunction, a Fano
(n− 1)-fold of index n− 3, the variety Y1 \Y2 is a Fano (n− 2)-fold of index n− 4
and so on. Finally, the intersection S of all Y1; : : : ; Yn−2 is a smooth K3 surface. Then
the result has been proved for S and LS in Proposition 1.1 and Theorem 1.4. We will
therefore assume the result to be true for Y = Y1 and LY and will prove it for X and L.
We prove rst the vanishing of H 1(MrL⊗ sL), for all r 2; s 1 and all r 1; s 2.
Since H 1(kL)= 0 for all k  0 the vanishing we seek is equivalent to the surjectivity
of
H 0(rL)⊗H 0(sL) −! H 0((r + 1)L)
for all r 2; s 1. By Observation 1.2, the surjectivity of  is equivalent to the sur-
jectivity of
H 0(rL)⊗H 0(L)!H 0((r + 1)L)
for all r 2. By Observation 1.3 it suces to show that the map
H 0(rLY )⊗H 0(LY )!H 0((r + 1)LY )
surjects. This follows from the vanishing of H 1(MrLY ⊗LY ), which occurs by induction
hypothesis.
Now, we prove the vanishing of H 1(M⊗2rL ⊗ sL)= 0 for all r; s 2. We tensor exact
sequence (0.1) associated to rL by MrL⊗ sL and take cohomology, obtaining
H 0(MrL⊗ sL)⊗H 0(rL) −! H 0(MrL⊗ (r + s)L)!H 1(M⊗2rL ⊗ sL)
!H 1(MrL⊗ sL)⊗H 0(rL):
We have just proved that the last term in the sequence is 0. Thus, the vanishing we
want to prove is equivalent to the surjectivity of  for all r; s 2. By Observation 1.2
the surjectivity of  for all r; s 2 is equivalent to the surjectivity of
H 0(MrL⊗ sL)⊗H 0(L) −! H 0(MrL⊗ (s+ 1)L) for all r; s 2:
Using the rst part of this proposition and Observation 1.3 it follows that, in order to
see that  surjects, it is enough to check that
H 0(MrL⊗ sL⊗OY )⊗H 0(L⊗OY )!H 0(MrL⊗ (s+ 1)L⊗OY )
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surjects, and for that, according to Lemma 1.5, it will suce to show that
H 0(MrLY ⊗ sLY )⊗H 0(LY ) −! H 0(MrLY ⊗ (s+ 1)LY )
and
H 0(sLY )⊗H 0(LY ) −! H 0((s+ 1)LY )
surject. The surjectivity of  and  follows by induction hypothesis.
Theorem 3.2. Let X be a Fano n-fold of index n−2 and let KX =(n−2)L; with L base-
point-free line bundle such that L2 4. Assume that the curve C obtained as the in-
tersection of n−1 general members of jLj is non-hyperelliptic. Then H 1(MkL⊗ rL)= 0
for all k; r 1. If we assume further that Ln 8 and C is non-trigonal and non-plane
quintic; then
H 1(M⊗2kL ⊗ rL)= 0 for all k and r 1:
Proof (sketch). The proof goes exactly as the proof of Proposition 3.1. To prove the
vanishing of H 1(MkL⊗ rL) one starts the induction on the dimension with Theorem 1.8.
To prove the vanishing of H 1(M⊗2kL ⊗ rL) one starts the induction on the dimension
with Theorem 1.9.
Corollary 3.3. Let X be a Fano n-fold of index n − 2 and let KX =(n − 2)L; with
L base-point-free line bundle such that Ln 4. Assume that the curve C obtained as
the intersection of n− 1 general members of jLj is non-hyperelliptic. Then the image
of X by the morphism induced by jLj is projectively normal. Moreover; if L is ample;
then L is very ample.
Theorem 3.4. Let X be a Fano n-fold of index n− 2 and let KX =(n− 2)L; with L
base-point-free such that Ln 4. Then H 1(M⊗p+1rL ⊗ sL)= 0 for all r 2; sp + 1;
p 1.
Proof. Again let Y1; : : : ; Yn−2 be general members in jLj. The result is true if the di-
mension is 2, that is, for S the intersection of Y1; : : : ; Yn−2 (which as we pointed out is a
K3 surface) and for LS , by Theorem 2.1. Now, we proceed by induction on the dimen-
sion to prove the results for the Fano varieties Y1 \    \Yn−3, Y1 \    \Yn−4; : : : ; Y1,
and X and the restrictions of L to each of them. Therefore let us assume that the
result is proved for Y = Y1 and LY and we will prove it for X and L. On X the result
is proved if p=1 by Proposition 3.1, hence we will use induction on p. From the
exact sequence (0.1) associated to rL, after tensoring by M⊗prL ⊗ sL and taking global
sections we obtain
H 0(M⊗prL ⊗ sL)⊗H 0(rL) −! H 0(M⊗prL ⊗ (r + s)L)
!H 1(M⊗p+1rL ⊗ sL)!H 1(M⊗prL ⊗ sL)⊗H 0(rL):
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By induction on p, the last term in the above sequence vanishes, therefore the vanishing
we seek to obtain is equivalent to the surjectivity of . Using Observation 1.2, we see
that it is enough to see the vanishing of
H 0(M⊗prL ⊗ sL)⊗H 0(L)
−! H 0(M⊗prL ⊗ (s+ 1)L)
for all r 2, sp+1. Using again induction hypothesis and the fact that H 1(OX )= 0,
we see that by Observation 1.3 it suces to check the surjectivity of
H 0(M⊗prL ⊗ sL⊗OY )⊗H 0(L⊗OY )
−! H 0(M⊗prL ⊗ (s+ 1)L⊗OY ):
Finally, by using Lemma 1.5 we reduce the problem to seeing that
H 0(M⊗p
0
rLY ⊗ sLY )⊗H 0(LY )
−! H 0(M⊗p0rLY ⊗ (s+ 1)LY )
surjects for all 0p0p. The surjectivity of  follows from the vanishing of
H 1(M⊗p
0+1
rLY ⊗ sLY ), which follows by induction hypothesis on the dimension and
Proposition 3.1.
Corollary 3.5. Let X be a Fano n-fold of index n− 2 and let KX =(n− 2)L; with L
base-point-free such that Ln 4. If sp+ 1 2; then sL satises property Np.
Theorem 3.6. Let X be a Fano n-fold of index n− 2 and let KX =(n− 2)L, with L
base-point-free line bundle such that Ln 8. Assume further that the curve C obtained
as the intersection of n− 1 general members of jLj is non-hyperelliptic; non-trigonal
and not a plane quintic. Then H 1(M⊗p+1rL ⊗ sL)= 0 for all r 1; sp.
Proof (sketch). The proof follows the same path as the proof of Theorem 3.4. The
induction on the dimension is based now on Theorem 2.3 and the induction on p is
based upon Theorem 3.2.
Corollary 3.7. Let X be a Fano n-fold of index n− 2 and let KX =(n− 2)L; with L
base-point-free line bundle such that Ln 8. Assume further that the curve C obtained
as the intersection of n− 1 general members of jLj is non-hyperelliptic; non-trigonal
and not a plane quintic. If sp 1; then sL satises property Np.
Corollaries 3.3 and 3.7 imply a result by Iskovskih for Fano threefolds, when we
restrict our attention to index 1 (cf. [5, 4.4; 6, 1.7]). Corollary 3.7 yields new results
on higher syzygies of Fano varieties which generalize the results of Iskovskih.
We would also like to point out that the bounds on k that we obtain for the property
Np to hold for kL are better that those which follow from the results of Ein and
Lazarsfeld (see [2]), for the case of K3 surfaces and Fano varieties of index n − 2.
Moreover, their hypothesis assume that L is very ample in contrast to our assumption
of base-point-freeness on L. Their results yield a bound dependent on the dimension
of the varieties, and the bounds we obtain in this paper for K3 surfaces and Fano
varieties do not depend on the dimension.
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Remark 3.8. As in the case of K3 surfaces our arguments show more general vanishing
results. The hypothesis that L should satisfy and the cohomology groups that vanish
are the same as those stated in Remark 3.8
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